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We onsider a superintegrable Hamiltonian system in a two-dimensional
spae with a salar potential that allows one quadrati and one ubi
integral of motion. We onstrut the most general assoiative ubi algebra
and we present spei realizations. We use them to alulate the energy
spetrum. All lassial and quantum superintegrable potentials separable in
artesian oordinates with a third order integral are known. The general
formalism is applied to one of the quantum potentials.
1 Introdution
The purpose of this artile is to study the algebra of integrals of motion of
a ertain lass of quantum superintegrable systems allowing a seond and a
third order integral of motion. We will onsider a ubi assoiative algebra
and we will study its algebrai realization. A systemati searh for
superintegrable systems in lassial and quantum mehanis was started
some time ago
8,10,18
. The study of superintegrable system with a third
order integral is more reent. All lassial and quantum superintegrable
potentials in E(2) that separate in artesian oordinate and allow a third
order integral were found by S.Gravel
13
. In this artile we will be interested
in partiular in one new potentials found in Ref [13℄ that was studied by
the dressing hain method in Ref [14℄.
It is well known that in quantum mehanis the operators ommuting with
the Hamiltonian, form an o(4) algebra for the hydrogen atom
1
and a u(3)
algebra for the harmoni osillator
15
. This type of symmetry is alled a
dynamial or hidden symmetry and an be used give a omplete
desription of the quantum mehanial system. The symmetry determines
all the quantum numbers, the degeneray of the energy levels and the
1
energy spetrum
9,15
.
Many examples of polynomial algebras have been used in dierent branh
of physis. C.Daskaloyannis studied the quadrati Poisson algebras of
two-dimensional lassial superintegrable systems and quadrati assoiative
algebras of quantum superintegrable systems
2,3,4
. He shows how the
quadrati assoiative algebras provide a method to obtain the energy
spetrum. He uses realizations in terms of a deformed osillator algebra
5
.
We will follow an analogous approah for the study of ases with third
order integrals.
In an earlier artile
17
we onsidered ubi Poisson algebras for lassial
potentials and applied the theory to the 8 potentials separating in artesian
oordinates and allowing a third order integral. The purpose of this artile
is to study ubi assoiative algebras. We nd the realization of these
polynomial assoiative algebras in terms of a parafermioni algebra. From
this we nd Fok type representations and the energy spetrum. We redue
this problem to the problem of solving two algebrai equations. This artile
provides another example of the fat that it is very useful to onsider not
only Lie algebras in the study of quantum systems but also polynomial
algebras.
2 Cubi Assoiative algebras and their algebrai
realizations
We onsider a quantum superintegrable system with a quadra-
ti Hamiltonian and one seond order and one third order integral of motion.
H = a(q1, q2)P
2
1 + 2b(q1, q2)P1P2 + c(q1, q2)P
2
2 + V (q1, q2)
A = A(q1, q2, P1, P2) = d(q1, q2)P
2
1 + 2e(q1, q2)P1P2+
f(q1, q2)P
2
2 + g(q1, q2)P1 + h(q1, q2)P2 +Q(q1, q2) (2.1)
B = B(q1, q2, P1, P2) = u(q1, q2)P
3
1 + 3v(q1, q2)P
2
1 P2 + 3w(q1, q2)P1P
2
2
+x(q1, q2)P
3
2 + j(q1, q2)P
2
1 + 2k(q1, q2)P1P2 + l(q1, q2)P
2
2+
m(q1, q2)P1 + n(q1, q2)P2 + S(q1, q2)
with
P1 = −i~∂1, P2 = −i~∂2 (2.2)
2
[H,A] = [H,B] = 0 (2.3)
We assume that our integrals lose in a polynomial algebra :
[A,B] = C
[A,C] = αA2 + β{A,B}+ γA+ δB + ǫ (2.4)
[B,C] = µA3 + νA2 + ρB2 + σ{A,B} + ξA+ ηB + ζ
where {} denotes an antiommutator.
The Jaobi identity [A, [B,C]] = [B, [A,C]] implies ρ = −β , σ = −α and
η = −γ.
[A,B] = C
[A,C] = αA2 + β{A,B}+ γA+ δB + ǫ (2.5)
[B,C] = µA3 + νA2 − βB2 − α{A,B}+ ξA− γB + ζ .
The Casimir operator of a polynomial algebra is an operator that ommutes
with all elements of the assoiative algebra. The Casimir operator satises :
[K,A] = [K,B] = [K,C] = 0 (2.6)
and this implies
K = C2 − α{A2, B} − β{A,B2}+ (αβ − γ){A,B}+ (β2 − δ)B2
(+βγ−2ǫ)B+ µ
2
A4+
2
3
(ν+µβ)A3+(−1
6
µβ2+
βν
3
+
δµ
2
+α2+ ξ)A2 (2.7)
+(−1
6
µβδ +
δν
3
+ αγ + 2ζ)A
We onstrut a realization of the ubi assoiative algebra by means of the
deformed osillator tehnique. We use a deformed osillator algebra
{bt, b,N} whih satises the relation
[N, bt] = bt, [N, b] = −b, btb = Φ(N), bbt = Φ(N + 1) (2.8)
3
We request that the "struture funtion" Φ(x) should be a real funtion
that saties the boundary ondition Φ(0) = 0, with Φ(x) > 0 for x > 0.
These onstraints imply the existene of a Fok type representation of the
deformed osillator algebra
4,5
. There is a Fok basis |n > , n=0,1,2...
satisfying
N |n >= n|n >, bt|n >=
√
Φ(N + 1)|n+ 1 > (2.9)
b|0 >= 0, b|n >=
√
Φ(N)|n− 1 > (2.10)
We onsider the ase of a nilpotent deformed osillator algebra, i.e., there
should be an a integer p suh that,
bp+1 = 0, (bt)p+1 = 0 (2.11)
These relations imply that we have
Φ(p+ 1) = 0 (2.12)
In this ase we have a nite-dimensional representation of dimension p+1.
Let us show that there is a realization of the form :
A = A(N), B = b(N) + btρ(N) + ρ(N)b (2.13)
The funtions A(N) , b(N) et ρ(N) will be determined by the ubi
assoiative algebra, in partiular the rst and seond relation. We use the
ommutation relation of the ubi assoiative algebra to obtain
[A,B] = C
[A,B] = bt △A(N)ρ(N) − ρ(N)△A(N)b (2.14)
△A(N) = A(N + 1)−A(N)
[A,C] = αA2 + β{A,B}+ γA+ δB + ǫ
= bt(γ(A(N + 1) +A(N)) + δ)ρ(N)+ (2.15)
4
ρ(N)(γ(A(N + 1) +A(N)) + δ)b + αA2(N) + 2βA(N)b(N)
+γA(N) + δb(N) + ǫ
using
[A,C] = bt △ A(N)ρ(N)△A(N) +△A(N)ρ(N)△A(N)b
= bt △A(N)2ρ(N) + ρ(N)△A(N)2b (2.16)
we obtain two equations that allow us to determine A(N) and b(N).
△A(N)2 = γ(A(N + 1) +A(N)) + ǫ (2.17)
αA(N)2 + 2γA(N) + b(N) + δA(N) + ǫb(N) + ξ = 0
We shall distinguish two ases.
Case 1 β 6= 0
A(N) =
β
2
((N + u)2 − 1
4
− δ
β2
) (2.18)
b(N) =
α
4
((N + u)2 − 1
4
) +
αδ − γβ
2β2
−αδ
2 − 2γδβ + 4β2ǫ
4β4
1
(N + u)2 − 1
4
The onstant u will be determined below using the fat that we require
that the deformed osillator algebras should be nilpotent. The last equation
of the assoiative ubi algebra ontains the ubi term and is
[B,C] = µA3 + νA2 − βB2 − α{A,B} + ξA− γB + ζ (2.19)
We obtain the equation,
2Φ(N + 1)(△A(N) + γ
2
)ρ(N) − 2Φ(N)(△A(N − 1)− γ
2
)ρ(N − 1) (2.20)
= µA(N)3 + νA(N)2 − βb(N)2 − 2αA(N)b(N) + ξA(N)− γb(N) + ζ
5
The Casimir operator is now realized as
K = Φ(N + 1)(β2 − δ − 2βA(N) −△A(N)2)ρ(N) (2.21)
+Φ(N)(β2 − δ − 2βA(N) −△A(N − 1)2)ρ(N − 1)− 2αA(N)2b(N)
+(β2− δ−2βA(N))b(N)2+2(αβ−γ)A(N)b(N)+(βγ−2ǫ)b(N)+ µ
2
A(N)4
+
2
3
(ν + µβ)A(N)3 + (−1
6
µβ2 +
βν
3
+
δµ
2
+ α2 + ǫ)A(N)2
+(−1
6
µβδ +
δa
3
+ αγ + 2ζ)A(N)
and nally the struture funtion is
Φ(N) =
ρ(N − 1)−1
(△A(N − 1)− β
2
)(β2 − ǫ− 2βA(N) −△A(N)2) + (△A(N) + β
2
)(β2 − δ − 2βA(N) −△A(N − 1)2)
((△A(N) + β
2
)(K + 2αA(N)2b(N)− (β2 − δ − 2βA(N))b(N)2
−2(αβ−γ)A(N)b(N)−(βγ−2ǫ)b(N)− µ
2
A(N)4− 2
3
(ν+µβ)A(N)3 (2.22)
−(−1
6
µβ2 +
βν
3
+ α2 + ξ)A(N)2 − (−1
6
µβδ +
δν
3
+ αγ + 2ζ)A(N))
−1
2
(β2−δ−2βA(N)−△A(N)2)(gA(N)3+νA(N)2−βb(N)2−2αA(N)b(N)+ξA(N)−γb(N)+ζ))
Thus the struture funtion depends only on the funtion ρ. This funtion
an be arbitrarily hosen and does not inuene the spetrum. In Case 1
we hoose
ρ(N) =
1
3 ∗ 212β8(N + u)(1 +N + u)(1 + 2(N + u))2 (2.23)
From our expressions for A(N) , b(N) and ρ(N), the third relation of the
ubi assoiative algebra and the expression of the Casimir operator we
nd the struture funtion Φ(N). For the Case 1 the struture funtion is a
polynomial of order 10 in N. The oeients of this polynomial are
funtions of α, β, µ, γ, δ, ǫ, ν, ξ and ζ.
6
Case 2 β = 0 et δ 6= 0
A(N) =
√
δ(N + u), b(N) = −α(N + u)2 − γ√
δ
(N + u)− ǫ
δ
(2.24)
In Case 2 we hoose a trivial expression ρ(N) = 1. The expliit expression
of the struture funtion for this ase is
Φ(N) = (
K
−4δ −
γǫ
4δ
3
2
− ζ
4
√
δ
+
ǫ2
4δ2
) (2.25)
+(
−αǫ
2δ
− d
4
− γ
2
4δ
+
γǫ
2δ
3
2
+
αγ
4
√
δ
+
ζ
2
√
δ
+
ν
√
δ
12
)(N + u)
+(
−ν
√
δ
4
− 3αγ
4
√
δ
+
γ2
4δ
+
ǫα
2δ
+
α2
4
+
ξ
4
+
µδ
8
)(N + u)2
+(
−α2
2
+
γα
2δ
1
2
+
ν
√
δ
6
− µδ
4
)(N + u)3 + (
α2
4
+
µδ
8
)(N + u)4
We will onsider a representation of the ubi assoiative algebra in whih
the generator A and the Casimir operator K are diagonal. We use a
parafermioni realization in whih the parafermioni number operator N
and the Casimir operator K are diagonal. The basis of this representation is
the Fok basis for the parafermioni osillator. The vetor
|k, n >, n = 0, 1, 2... satises the following relations :
N |k, n >= n|k, n >, K|k, n >= k|k, n > (2.26)
The vetors |k, n > are also eigenvetors of the generator A.
A|k, n >= A(k, n)|k, n >
A(k, n) =
β
2
((n+ u)2 − 1
4
− δ
β2
), β 6= 0 (2.27)
A(k, n) =
√
δ(n+ u), β = 0, δ 6= 0
We have the following onstraints for the struture funtion,
Φ(0, u, k) = 0, Φ(p+ 1, u, k) = 0 (2.28)
7
With these two relations we an nd the energy spetrum. Many solutions
for the system exist. Unitary representations of the deformed parafermioni
osillator obey the following onstraint Φ(x) > 0 for x=1,2,...,p .
3 Examples
There exist 21 quantum potentials separable in artesian oordinates with
a third order integral, we will onsider one interesting ase in whih the
ubi algebra allows us to alulate the energy spetrum.
Case Q5
H =
P 2x
2
+
P 2y
2
+ ~2(
x2 + y2
8a4
+
1
(x− a)2 +
1
(x+ a)2
) (3.1)
A =
P 2x
2
− P
2
y
2
+ ~2(
x2 − y2
8a4
+
1
(x− a)2 +
1
(x+ a)2
) (3.2)
B = X2 = {L,P 2x }+ ~2{y(
4a2 − x2
4a4
− 6(x
2 + a2)
(x2 − a2)2)), Px} (3.3)
+~2{x((x
2 − 4a2)
4a4
− 2
x2 − a2 +
4(x2 + a2)
(x2 − a2)2 ), Py}
The integrals A,B and H give rise to the algebra
[A,B] = C
[A,C] =
h4
a4
B (3.4)
[B,C] = −32~2A3 − 48~2A2H + 16~2H3 + 48~
4
a2
A2 + 32
~
4
a2
HA− 16~
4
a2
H2
+8
~
6
a4
A− 4~
6
a4
H − 12~
8
a6
.
The Casimir operator is
K = −16~2H4 + 32~
4
a2
H3 + 16
~
6
a4
H2 − 40~
8
a6
H − 3~
10
a8
. (3.5)
8
and we have
Φ(x) = (4
a4
~2
H4 − 12a2H3 + 11~
4
a2
H − 15
4
h6
a4
) (3.6)
+(8a2H3 − 8~2H2 − 14~
4
a2
H − 4~
6
a4
)(x+ u) + (20
~
4
a2
H − 14~
6
a4
)(x+ u)2
+(−8~
4
a2
H + 16
~
6
a4
)(x+ u)3 − 4~
8
a4
(x+ u)4
Φ(x) = (
−4~8
a4
)(x+u−(−a
2E
~2
−1
2
))(x+u−(a
2E
~2
+
1
2
))(x+u−(−a
2E
~2
+
3
2
))(x+u−(−a
2E
~2
+
5
2
))
(3.7)
We nd u with
Φ(0, u, k) = 0
(3.8)
u1 =
−a2E
~2
− 1
2
, u2 =
a2E
~2
+
1
2
, u3 =
−a2E
~2
+
3
2
, u4 =
−a2E
~2
+
5
2
We have four ases :
Case 1 u = u1
E =
~
2p
2a2
, Φ(x) = (
4~8
a4
)x(p+ 1− x)(x− 2)(x − 3) . (3.9)
Case 2 u = u2
E =
−~2(p+ 2)
2a2
, Φ(x) = (
4~8
a4
)x(p+ 1− x)(p+ 3− x)(p+ 4− x) (3.10)
E =
−~2p
2a2
, Φ(x) = (
4~8
a4
)x(p + 1− x)(p− 1− x)(p− 2− x) (3.11)
E =
−~2(p− 1)
2a2
, Φ(x) = (
4~8
a4
)x(p+ 1− x)(p− 2− x)(p− x) . (3.12)
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Case 3 u = u3
E =
~
2(p+ 2)
2a2
, Φ(x) = (
4~8
a4
)x(p+ 1− x)(x− 1)(x+ 2) . (3.13)
Case 4 u = u4
E =
~
2(p+ 3)
2a2
, Φ(x) = (
4~8
a4
)x(p+ 1− x)(x+ 1)(x+ 3) . (3.14)
The only ase that orrespond to unitary representations are (3.10) and
(3.14).
4 Conlusion
The main results of this artile are that we have onstruted the assoiative
algebras for superintegrable potential with a seond order integral and a
third order integral. We nd realizations in terms of deformed osillator
algebras for the ubi assoiative algebras. We apply our result to a spei
potential
13,14
. We leave the other quantum ases to a future artile.
We see that many systems in lassial and quantum physis are desribed
by a nonlinear symmetry that provides information about the energy
spetrum.
We note that our polynomial algebras and their realizations are
independant of the hoie of oordinate system. We ould apply our results
in the future to systems with a third order integral that are separable in
polar, ellipti or paraboli oordinates. The method is independant of the
metri and we ould apply our polynomial algebras to other ases than
superintegrable potentials in E(2).
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